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Ihe great theoretical interest which attaches to the expansion of 
arbitrary fiinctions into trigonometric series, commonly called 
Fourier's series, together with the extensive practical applica- 
tions of the same, have long engaged the attention of Mathema- 
ticians. The summation of these series was first succeeded in by 
the famous Lejeune-Dirichlet after fruitless attempts by the most 
celebrated Analysts, and we have to thank the astronomer Bessel 
for the enlarged application of these developments to the exact 
sciences. This branch of investigation is still unusually rich in the 
most remarkable laws and inferences. It might seem rash to ven- 
ture upon a field where a mind like that of Lejeune-Dirichlet has 
been engaged, were it not well known that when a masterhand 
has reared the building the ornamenting it is easy. 

The author finds his chief inducement to publish this treatise 
in the fact that his celebrated master has proved the convergence 
of the series for less cases than the following method provides for. 
He would fain hope, moreover, that several applications of the 
theory which are quite new, will be of interest to the scientific 
world. 

It is of importance for the following investigations to consider 
the consequences which follow fi"om one or more inequations as, 

We write p < g, i. e. p less than q, when the algebraic diffe- 
rence p — q 18 negative. 
I. From the inequation 

a -^ b -<. c 

follows for every value of d 

1 



2 

« 

n. From the inequations 

a -^ h -^ c 
o>\ ^ bi < C| 

follows, 

a-hoi •< 6-I-61 -< c-f-Ci 
a — Gi "< 6 — bi < c — C|. 

III. Again firom the inequation 

a -<. b -<. c 
follows ka <. kb '<. kc when k >^ 

kc -<. kb ^C ka when A; •< 0. 

IV. The absolute values of three quantities connected toge- 
ther by the inequation a < 6 <; c are subject to a certain law: 
Let the absolute or numerical value of a real number a be repre- 
sented by M(a)j i. e. modulus of a, whence 

M(a) = if— (o) 

we can then derive from the inequation 

a -< b -<. Cj 

the new inequation M(b) < M(a) -+■ M(c). 
For, whatever be the values of a^ 6, c, in the inequation 

a -^ b "< c 

we must have either b and c positive, 

or a and 6 negative. 

The three values of a, 6, c arranged in the order of their 
magnitudes can be considered as the abscissas of three points in 
the axis of abscissas. Three such points can have no other situa- 
tion with respect to the origin of coordinates, of which the ab- 
scissa is 0^ than: 

^ f^ 1.' I hi both cases b and c are positive 

a, Qy by c ) ^ 

^ ^ ^ rv ! hi both cases a and b are negative. 

When b and c are positive, we have if (6) < M(c), 
when a and 6 are negative, we have M(^b) <! M{a)^ 
then certainly in both cases, Jlf(6)<! if(a) -f- Jlf(c). 

V. M(a-\-c) < M(a) -+- M(c) 

M(a^c) <.M(a) -h M(c) 

i. e. the modulus of the sum or difference of two quantities is equal 
to or less than the sum of the moduli of the two quantities. This 



proposition is easily derived from a consideration of the different 
signs by which a and b can be affected. 

§ 2. Let f(x) be a continual or discontinual*) ftinction of 
X which has between the limits a? = a and a? = 6 for every Xy one, 
and only one determinate value f(^x'). Let us assume between 
the arguments a? = a and a? = 6 an arbitrary finite or infinite num- 
ber of arguments arranged in the order of their magnitudes : 

^\ y ^%i ^3 > • . . .^ (Zm «... .0 

at equal or unequal intervals. 
We will now form the sum 

/(«i) -/(««) -i-/(«3) ~/Ca4)-+- 

call it alternating sum aad designate it by 

2 =t fix). 



a 



The following general law exists with regard to this altema- 
h 
ting sum -2* =*=y(a?),, although the number of terms in it be un- 

a 

known or infinite, and their values not fixed. 

b 
The sum 2 =t/(x) =/(a,) -/(a,) 4-/(03) -/(a4) 



has a finite value; dnd we can in fact ascertain a limit , indepen- 
dent of the number of terms , which the alternating sum cannot 
exceed; provided /(x) be such a function a>s toe have described 
in the beginning of this paragraph, and provided the number of 
maxima and minima between the limits x = a and x = b be finite, 
— that is to say the number which indicates how often /(x) chan- 
ges from increasing to decreasing and vice versa, be finite. 

We call f(^x) increasing between a? = p and x:=q iE for 
the arguments p, Pi, ^25- • • • Q which follow each other in such 



*) To define the meaning of the expression F(x) is discontinual and has but one 
value for a; = ^ we have to calculate the values of 
F(xil JXa^a), F(x,) JFld) 

and the values \x% IXx'% f{x'") .... f^S) 

where x' >- x" >- x'" >- >- Si 

If now IXd) have two different values for the point » =» ^ [supposing F(x) to re- 
present the abscissas of a curve] according as we reach the point from the side of po - 
sitive or negative abscissas, the function is called discontinual for x = St and we can 
nevertheless say that F(d) has but one value if we add from which side the point is 
reached. We represent this value by ^(-4-d) and F( — d). 

1* 



a way that p *< Pi «< pa . . • • <. qy 

Ap) </(Pi ) ^f(P2 )....</(?) 
we call it decreasing, when under the same circumstances 

Ap) >/(!pi) >/(p2) >/(g). 

To demonstrate this general law, let /{x) be decreasing be- 
tween x = fi and x = v. Assume that there are between x = f4, 
and a? = V the two following series of arguments : 

I. fly nil, w*a • . . • ^2kf ''*2*4-l> ^ 
II, fi, mi, m2 .... Tfi*^, V 

in the one case (I) an odd, in the other (11), an even number, 
it follows, since m^ -<, m^ ^ m^ 

/(»»i)-/(^a) >0 

1/(^3) -/(W4) >0 



(A) 



(B) 



/(»*2A-l) — /("»2ifc) >^ 



— /(»»2*-2) -+-/("»2ifc-l) -*^ ^ 
-/(«2it) -»-/("^ + l) < ^ 

If we add the inequations of the two systems (A) and (B) 
it follows from (A), /(»»,) — /(wa) 4- A^^) — /("»*) "•" • • •/('«2ifc -1) 

- /("»2t) > 

/(»»i) — /('"a) -i- /(»»3) — A^d -+- • • •/("»2*-l) 

— /(»»2t) ■^/("»2ifc+l) </(^)- 

In case the number of arguments assumed between ^ and j/ 
be even, we have from (A) 



V 



< 2 =t/(a:) 

and from (B) 2 ±/(a:) </(,.) -/(mjifc^i) 

or since </(/«2*+i) - /(O 

2 =fc/(x) </(^) -/(O 

and joined with the first inequation, we have for an even number 
of arguments between ^i and v\ 



(C) 0<2=t/(:r)</(^e) -/(.;. 

In the second case where -f- ^(/w 2*4.1) still appears in the 
alternating sum, we derive from (B) 

2 =t/(x)</U); 

and from (A) 2 ^ f{x) :> f{m^.^), 

or because > ~ /(w2*+i) -I- /(v), 

we have 2 =fc /(ar) > /(v) 

and combined with the previous inequation it follows in case the 
number of interpolated arguments be uneven, 

(D) /(.) <2 ±/(:p) </(^). 

It is necessary to replace the two results (C) and (D) which 
we have obtained from these two cases, by a single one; oppor- 
tunity is offered for this by § I. It follows from (C) according 
to § I, 4 that the numerical value of the alternating sum is less 
than the numerical value oi f{(i) — /(v), likewise from(D) in 
the second case, that the numerical value of the alternating sum 
is less than the sum of the numerical values oi f{fi) andy(v). 
According to I, 5 the numerical value o{ /(^a) — y(^) i« e. 

^r/(i") —/('')] ^ ^Ifi/^)] H- ^[fWl It follows therefore, 
as well from (C) as from (D), that the numerical value of the al- 
ternating sum is less than, or equal to the sum of the numerical 
values of f(fi) and f(v) i. e. 

Jf[2 =fc/(x)] < mAfi)] -+- Mlf(v)]. 

We add here for the sake of completeness that in the alter- 
nating sum several succeeding terms might be equal, also that the 
extreme terms of the sum might be identical with y(^) ov f{v)^ 
without affecting the truth of the law, inasmuch as the systems (A) 
and (B), will still hold good and therefore also their consequences. 

Lety(a?) be increasing between x^=7i and x = a^ than the 
function — /(x) will decrease between a? = ;t and a? = (7 and there- 
fore the equation 



6 



M ('I ± [-Ax)]\ < M[-f(n)] + Ml-Aa)] 

be true for — /(x) 

but 2 ± [ - Ax)] = -2 ±/(j) 

n n 

and since Jl!f( — a) = JJf(a) 

it follows for the alternating sum o{ f{x) for x between n and 6 

\£ f{x) increases between x=^a and x=^n that 



(2 =t/(x)) < 



3f[/(:r)]-H3f[/(cT)] 



Therefore the alternating sum of a function between two va- 
lues between which the function either decreases or increases, is 
finite and limited by the sum of two known values. We have 
made no hypothesis with respect to the properties of the fiinction ; 
it can therefore be continual or discontinual; it can be in fact 
infinitely often discontinual if the function either increase or de- 
crease throughout. 

Let all the arguments between a and b at which the functions 
passes from increasing to discreasing and vice versa be known. 

Let these arguments be in their order 

A*i> ^a> ^3 f^^q 

Now 2 =fc f{x) = 2 =fc /(a:) -+- ^'=t /(a:) . . . 2 ± f{x) 

b 

moreover the modulus of -2* ± y(a?) < the sum of the moduli 

a 

of the separate terms, i. e. of the separate alternating sums, each 
of which is known to us as being confined within certain limits; 
therefore 

itf[2 =fc/(ar)] < M[f{a)] H- ^[/(^,)1 



a 



MIA/^,)] 



mAf,)] 

M/0.,)H-3f[/(6)l 

K for no one of the above mentioned ai^uments ftp the func- 
tion be at the same time discontinual, we have always 



(Compare what has been said in the end of pag. 3. of discontinuities.) 
It is therefore proved that the numerical value of the alter- 
nating sum of a fimction between x=sa and a; = 6 is limited by 
the sum of the numerical values of f(a) and /{b) and twice the 
numerical values of its maxima and minima between x=:^ a and 
x = b. But in case a maximum or a minimum exist at the same 
point with a discontinuity, that is to say at a point where the 
fiinction has two values according to the direction from which we 
reach this point, we must write for, "twice the numerical value" 
"the sum of the two different numerical values." 

§ 3. According to the theorem inmiediately preceding we can 
easily ascertain when the alternating sum of a function (p(^x) be- 
tween x = a and a; = 6 is finite, and what its limits are. Let us 
represent for the sake of brevity those values of the function from 
which the ftmction passes from decreasing and vice versa by the 
name of characteristic values. 

If the number of characteristic values of the function between 
x = a and a? = 6 be finite, whatever the number be, then is the 
alternating sum certainly finite; but if their number be infinite, and 
if it can be proved that their numerical values form a converging 
series, so is it also proved that the alternating sum is finite and 
the limits can also be stated between which it is inclosed. If this 
cannot be proved, it remains uncertain whether the alternating sum 
is finite or not. 

§4. We pass now to a new proposition. Let /(^x) be such 
a continual or discontinual frinetion that for every value between 
x=^a and a; =6 it has a certain finite value; moreover let the 
alternating sum oi f{x) between x=:^a and a? = 6 be finite; i. e. 
the number of characteristic values of the function between x^=a 
and a? = 6 form a finite or their modulus form an infinite con- 
verging series, then is 

lim I f(a) sin kxdx ^ 



lim I /(a) sii 



If we make kx = y and therefore dx = -j-dy and change the 
limit accordingly, we have the equation 



8 
h kh 

lim / f(x) sin ^ dx =3 lim -7-/ / (^-) sin y dy. 

a ka 

Let US fix upon a certain value for fc, ascertain for this the 
value of the integral and then we can obtain the value for in- 
creasing k. Decompose the integral into the sum of the following 

.... -^jfC^Bii^ydy-^lffl-^ 

(2i»— i)3e 2«* (2«+i)< 

in which the limits are whole multiples of n. We discuss the va- 
lue of each of these partial integrals in accordance with the well- 
known theorem: Iff(x) do not change its sign between x=a 
and re = /?, and M and N are the greatest and least values which 
the function (p(x) assumes in the interval re = a to ic = /?, then is 

either N ff(x) dx<: I q,(x)f(x) dx < Mjfix) dx 

If we apply this theorem to each of the partial integrals 
for /(a;) = sin Y y does not change the sign between the limits 
we have, e. g. 

2i 
(2v-l)3t 

is contained between 

Hv I ^^y dy and wijj^ / sin y dy. 

where n^v and W2v represent the greatest and least values which 
the fimction f(^^ assumes within the limits y = 2n7i and 
y = (2n — i)7t. 

But since / sin ^ ^/^ = — l 

(2v-l)< 



2i/« 



P 






2v 

it follows that /•^vT/ ^^^^^ 

(2v— 1)< 

is contained between — m^,, and — ht^. 
It follows in like manner that 

is contained between -t- ii}2,/+i and -j- W2v^.i inasmuch as miy^i and 
«2v+i represent the greatest and least values which y(4") assumes 
between y = 2v and y = 2v-j- 1 etc. 

V The whole integral l-^ijf) si'^y^fe' 

ka 

is therefore contained between two alternating sums, since nhv ai^d 
W2v, tnzy^i and W2v+i etc. represent succeeding values of the fiinc- 

tionyr-|-j between ka and Af6, or of the function y(y) between a 

and 6. In accordance with the hypothesis which we have made 

with respect to the function y(y) the alternating sum 2 ±f{x) or 

a 
kb 

2 ± yf^-) is finite and contained between statable limits. Be- 

ka ^'^^ 

tween the same finite limits is contained also the value of 

kb 



jm ^i- 



am y rfy, 
ka 

whatever be the value of A?. Although k may exceed any value 
however great, the integral 

kb 



//(■^y fiiny <fy remains finite and 



ka 

kb 

k — 



lim* -^If (y) sin y rfy == . Q. -B. D. 



ka 
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In like manner it can be proved that 






cos A^ar d!r = 0, 



a 
6 



lim* ffix)e^'^-^ dx = 0, 



a 
h 



and Hm jf(x)e ^' etc = 0. 



§ 5. Let yCa?) be such a function that it becomes infinite 
between x = a and x = b. Let 

represent the n arguments between a and 6 for which 

(p(x) = 00. 

But let ^S^^ for a?, = «„ ^^ for aj = aa etc. 

have finite values; let us investigate what value 

b 

lim / q(x) sin dx kx 

a 

b 

assumes. Having decomposed the integral j (f(x) sin kdx in 2n + l 

a 

integrals in such a way that the first, third, fifth etc. contain no 
root of the equation (p(x)= oo within its limits, and that the se- 
cond, fourth etc. contain, each one; then is, if € represent a proper 
positive quantity, 

b Cbi-g flt|+8 Cbi—^ 

jq)(x) sin kx dx=s I (f){x) sin kxdx-i' I (p(x) sin hxdx -4- / <p(x) sin kx dx -f- 

b 



f 



(f)(x) sin kx dx. 

If k increase to infinity all those integrals which have within 
their limits no argument which is a root of the equation (p(x)= oo. 
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that is to say the first, third, fifth etc., will disappear if (f{x) fulfil 
the condition that 

2 =t q)(x) -|- 2 =fc q,{x) -f- 2 =t (jp(a:) .... 

have a finite value. This takes place, as is well known, when twice 
the sum of the algebraic values of the function for characteristic 
arguments between a; = a and a;:=& is finite, and at the same 
time the arguments a,, a^^ a^ are looked upon as characte- 
ristic, but for twice the algebraic sum 

/(ai)» /(tta), /(aa) • • • • 

the sum of the moduls /(«,— 0, /(a,H-f); /"(aa— 0-- 
is substituted. 

If now the above mentioned sum be finite, then is 

lim J i<j{x) sin kxdx-\- j(f^(x) Bin kv dx . , -h j (p(x) siukx dx\ =0 
b 

lim I q (x) sin kxdx is therefore equal to the sum of the other integrals 

a 

2k-a6 r 
lim / 7'(x) sin kx dx. 

We discover for these integrals a more simple form by the 
following easy method. We vnite: 



(p(x) 



x—a^ 



then is L(x) sin kxdx= I Fix) **-?i^ dx. 

For the more accurate calculation of this integral we can set 
out the value of any factor of F(a?), or even F(a?) itself for an ar- 
gument contained between cc^ — b and av-4-«; for instance let 

F{x)=^fXx),f,Xx) 

and let | be the argument beetween a^ — b and or^+c of the mesm 

value oi f^{x) then is: 

2* 
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K now we extend the limits a^ — e and a^H-e, we do not 
change the value of the integral, if care be only taken that no 
argnment appear within the extended limits for which y]/ir) beco- 
mes infinite; since by the extending of the limits according to the 
previous paragraph we only added a quantity whose value was 0. 
For example it f^^(x) be such a function that between — r and -+-r 
it does not become infinite, then is: 



«v-« —»• 



If we make the positive value c converge to 0, which is al- 
lowed, we do not change the value of the first integral; but the 
value I will approach the value a^. Making use of the usual no- 
tation to distinguish the two values of a function for one argument 
for which the function is discontinual, we have 

*to" frix) ?i5_^ dx = iTnT fpix) ?!5i£ dx + \tm [f{x) ?!Hif dx 



Oty — f flfcy 



To repeat briefly the whole method we have adopted. In 
case, in the integral which we have considered in § 4., a function 
cf{x) appears which for certain arguments contained within its li- 
mits e. g. a: = ay becomes infinite, we decompose the integral in 
a series of partial integrals, one half of which contain within their 
limits no roots of the equation ip{x) = qd; these integrals wiU 
disappear according to § 3. In the remaining integrals we can 
make the limits approach the arguments which are roots of the 
equation: y(ir) =oo, so that the limits of each integral differ 
from each other only by an arbitrarily small finite value. We can 
now by the method of exhaustion set out those factors of the fiinc- 
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tion which remain finite within the limits of the integral, and after- 
wards extend the limits of the integral as far as the fimctions which 
have been left onder the integral admit; if we have e. g. set out 

all the factors of the function cp{x) except the one which 

contains the root, we can then give to the integral the limits 
— 00 to -t- 00. 

§ 6. Let f(x) be such a function that it has for every argu- 
ment X which lies between x = g and x^=h a, certain finite value? 
To find the sum of the series 

s = po -+-p,e-2x*l/:ri _^^^g_4<*V=T-j_p^e-6*»}/:ir ... in inf. 
P__i « -+- p^2 * "^ P—3 * ' ... in int. 



where P±m= //"(«) «-*"**^~* rfa. 



e 



that is * = 2 p.e-''*'^-' = 2 A«)e'"'<-'^^-' da. 



g 



The geometrical progression: 



sin (2n-i- 1 ) (a— x) tt 

sin (a — x)n 

Therefore is 

k 



s 



= "iL- f /(«)«i|.(2n+l)(«-.). ^ 
/ Sin (a— Jf) 71 



Substituting a — a? = /?, the limits change into g — x and 
h — X and 






■ Sin n^ 



8—» 

We calculate this value of x by the help of the previous 

chapter, for the sum of s is an integral of the form: 

h 

lim / 9(x) sin kx dx. 

a 
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The fact that in s the increasing n remains a whole number 
alters nothing in our conclusion. In this case (f>(x) of § 5. i. e. the 

factor of sin ( 2« + 1 ) n/S has become -^ — P . 

^ ^ ' sin 7r/9 

Since f(/3) within the limits /f = g and /5=h has a certain 
and finite value, therefore is /(x-^d) finite between the arguments 

Szsssa^x and S = h — x. It is different however with -: — - 

' ^ * sin w/J 

which becomes infinite for every whole /?. Assuming that between 
g — X and h—-x the following whole numbers are contained, 

Py p-hlf q — ^f 9 

but that g — x and A — x are not whole numbers, then is 

f Sin nfi ' ^ sin nfi ' ' 

under the conditions expressed in § 5. that the sum of twice the nu- 
merical values of the characteristic points of the function A^ — ^ be- 

^ sin nxfi 

tween g — x and h — re, or the alternating sum of the fiinction be- 
tween g — X and A — rr, is finite, where at the same time the nu- 
merical values of 

^ /(p-0, /(P-+-0, /(p-f-i-0, /(p-f-iH-O 

are substituted for 

Ap)f(p-^^) Aq-^\f(q)' 

These conditions, which we shall discuss more fully in the 

next paragraph, being fiilfilled by the fimction /"(a?), we obtain 
The value of 4=4 for /S = |ti is — ?^ — = ^lT^. the va- 

sm jTjff * ^ n cos TT^ JT ' 

lue of /(a? -I-/?) for P^=fi is f(x-hu\ if the function is continual 
for this argument; therefore is: 

Making /3 — fi = y^ the limits of the integral pass over into 
— e and -|-€. Further 



15 

sin (2n-hl);r/9 

becomes 

8m(2n-f-l)(y-+-^);i = (-l)i^ sin ( 2n -h I ) y;r, 

and when we have set ( — 1)/^ outside of the integral we obtain 

+ « 



=4-1 /(.+.) ur/ii^+-'>^''.. 



— I 



— 1 "r*rsin(2n-|-l)7ry , >V^ w 

We have now to ascertain the value of the integral 

Since this value does not depend upon the form of the Amo- 
tion /{x)^ it might be calculated by the aid of a special case ; for 
instance y(a?) = a?; or having regard to the previous paragraphs 
as follows. No other argument is possible except the argument 
y = which is already contained between the limits — e and -he 

which gave us — = oo therefore ; 



— i 



— OD 



since as is well known the integral 



OD 



/ 



sm ax n 
dx = -r- 

X % 



for every positive value of a. We have thus summated the series 
and found its value to be 

when p, p-l-1, . . . . g — 1, q are all the whole numbers which 
are contained between ^ — x and A — a?, and g^x and h — x are 
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not whole numbers, and when moreover f{x) becomes discontmual 
for any one of the arguments 

But if the function f(x) become discontinual for the argument 
a?-h^t we have 



[srij^^ 



- ■ sin np /9-/t ^ 






^ry sin w/9 /?— /e ^ *™ jr/ sin jr/ff /9— ^ 



fC-, ^ ^ 



^x r.~* 2 /'sin(2n+l)7ri9 , ^, , "-» 2 /'sin(2n+l)Tri9 , 

= /(ar+^-0) lim --/ ^ ^ ^ P dp-^f(x+fi+0) lim -^/ ^ ^ ^ ^ rf/9 

—I 

oe 

^x 17=* 2 r8in(2«+l):^/? , ., ^v Tf * 2 r8in(2n+l)7f/9 ^^ 

^J{x+fi'0) lim --/ ^ ^ dig-f-/(x4-^+0) lim — / — ^^"^ ^^/^ 

— oe 

When finally, g — x or h — x are also whole numbers, we should 
have added ^/(g-hx) and ^/(A-t-a?) to the sum ^/(aH-^it) which 

it is easy to find by calculation. 

§ 7. The series s easily assumes the usual form of Fourier's 
series if we make g = \^ A = J, for it is proved according to the 
previous paragraph that if 

and function y(a;) fulfil the known conditions, that 






-^ je 

i 

or 5 = if{x - 0) -f- i/(j:4-0) 

if the function be discontinual for the argument x, 

§ 8. Let us now endeavour to ascertain what the properties 
of those functions are which can be developed in convergent tri- 
gonometric series, and we will at the same time extend this investi- 
gation so as to include the general question what sums of values 
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(see. § 6.) can be expressed by the said series. All that is thus 
far known of the subject is to be found at the end of the famous 
treatise of Professor Lejeune-Dirichlet.*) 

It will be seen from the preceding paragraph that every fimc- 
tion /(x\ and every sum of values of the same for arguments which 
form an arithmetic series, can be developed in a trigonometric se- 
ries, when the alternating sum of the function 

Ax) 

Binnx 

is known to be finite within the limits between which the cor- 
responding integral is to be taken: i. e. when the limits are finite 
between which the value of the alternating sum is contained. We 
have thus reduced the question: what functions and what sum of 
values of the same function admit of development in a trigonometric 
series, to the simpler one, whether the alternating sum of the 
same function is finite. Although we cannot hope to have dis- 
cussed the alternating sum in general in such. a way that we can 
give for every alternating sum the narrowest limists ascertainable 
by the methods of analysis, we shall yet be able by what we know 
of these limits, to prove the convergence of a great number of se- 
ries whose convergence has thus far not been demonstrated; and 
moreover the reduction of the investigation to the simpler question 
respecting the alternating sums is progress made. We know that 



the alternating^ sum of 



/(x) 



sin 7tx 

has a finite and ascertainable value when the numerical values for 
the characteristic arguments form a converging series. 

We have gained thus the advantage that we are not obliged 
to consider the discontinuities of a function but only its characte- 
ristic values; and we can discover whole classes of functions which 



*) Crelle's Journal Vol. IV. p. 168. Les considerations pr^c^dentes prouvent d*ime 
mani^re rigoureuse que, si la fonction (f (x) dont toutes les valeors sont suppos^es finies et 
d^termin^es ne pr^sente qu'un nombre fini de solutions de continuity entre les limiteB 
— n et -f- TT et si en outre elle n'a qu'un nombre determine de maxima et minima 
entre ces m§me limites la s^rie .... est convergente et a une valeur g^neralement ex- 
prim^ par iqix-hf) -hiq>(p — t) otn g d^signe un nombre infiniment petit. U nous 
resterait h consid^rer les cas oil les suppositions que nous avons faites sur le nombre 
des solutions de continuity et sur celui des valeurs maxima et minima cessent d*avoir 
Uen. Ces cas singuliers peuvent dtre ramen^s h ceux, que nous venons de oonsiderer. 

3 
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are infinitely often discontinual, and yet allow of development in 
Fourier's series, since the sum of their characteristic values is finite, 

§ 9. In case then, the alternating sum of a function is finiter 
even when the fimction is discontinual between two succeeding 
characteristic arguments"^ and whether the number of discontinui- 
ties be finite or infinite, the function can be developed provided of 
course that the integral of the fimction have an analytic value, 
which in fact can very well be the case. 

The following example oflfers us a whole class of such func- 
tions as allow of development. 

Let a, -+- aa 4- as -H a, ...... in inf. be au infinite series 

converging towards the finite and determinate value «, and let all 
its terms be positive; then will the series 



«i . Ota . <*3 

s s 



converge towards the value 1. Let, moreover. 

Pi "T" Pa "' Pa ....... 

be another series the terms of which are all positive, and which 
also converges toward a finite determinate limit, or in any case is 
of such a nature that 

Then construct that function y = F(x) , the value of which 
for every argument a; between x = and jr== — is^=/9i; 



for every argument a? between x = — and a: = — isy=/9a5 c^c. 

This function is most easily recognised from its geometrical 
representation, whit^h exhibits a system of an infinite number of 
lines parallel with the axis of abscissas. 

It is clear that these lines for abscissas which approach the 
value 1 have ordinates which approach the value 0. 

We can develop such a function F(x) in its whole extent, 
that is so far as it has a value, in a trigonometric series although 
the number of its discontinuities be infinite. The definite inte- 
grals also, of which the developed series consists, do not lose their 
analytical value for this numerous class of fiinctions because the 
discontinuities are of such a nature that for the whole amplitude 
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of the integral there exist always between two arguments for which 
the function becomes discontinual, two others between which it is 
continual. 
Suppose 

to be a converging series, the terms of which are indifferently po- 
sitive or negative but of such a nature that if we give positive va- 
lues to the negative terms, the series still converges; or in other words 
of such a nature that the sum of its moduli converges towards a 
determinate limit ; then will a function f{x) of such a nature that 

f(x) = y, from ar = to ar = — 

s 

/(ar) = Y2 from a: = — to ar = — etc. , 

8 8 

allow of development in a trigonometric series, since the alterna- 
ting sum upon which the development in this case depends is a de- 
terminate one. 

The simplest case finally, the only one which has thus far been 
considered by mathematicians, in which the Amotion f{x) has been 
developed in a series which was true only for arguments which lay 
between two limits separate from one another by 2^, can be easily 
discussed by the aid of the previous general law. In this case 
only the alternating sum of the fimction 

Ax) 

sin Tiar 

between limits separate from one another by unity comes into con- 
sideration. Between such limits the maxima and minima or cha- 
racteristic values of this function are easily developed and we have 
only to investigate whether the series of the moduli converges to- 
ward a determinate limit. Not more difficult is the more gene- 
ral case where the integrals of the trigonometric series have limits 
farther removed from each other, and in which the sum of the 
function for arguments which form an arithmetic series are ex- 
panded into trigonometric series. 

For this purpose the preceding paragraph will be sufficient to 
determine what is the alternating sum of a function 

f(x) 
■in nx^ 

and between what limits is to be investigated. We remark more- 

3* 
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over, that the moduli of the values of the function for whole num- 
bers of the arguments x can be better calculated if we take no 

account of the common factor ± — ; . 

sin TEC 

§ 10. In § 7. we proved the theorem, that: 

h-ae __ 

/ Sill TTp 

for the especial case that a? = 0, we derive therefrom: 
(1) lV(,)=Tm7>Mi^^ or 



g g g 

where p, pH- 1 q are all whole numbers which are contained 

between g and h. The series of the integrals is equal to the sum 

of the values of the fiinction for all whole numbers as arguments 

which are contained between g and A, to which also the values 

i/iff) and if(h) 

must be added when g and A are themselves whole numbers. This 
equation (1) is among the most remarkable of the whole ai^alysis^ 
because by one continual function, as the integrals are, discontinual 
ftmctions such as the sum of values for determinate arguments are, 
can be expressed. 

If we add to or subtract from the limits of the integrals, finite 
values which are less than unity, the value of the series will not 
be thereby altered^ provided care be taken, that within the limits 
of the integral no new whole number appear, or a whole number 
disappear. 

By means of the equation ( 1 ) the values oi entirely arbitrary 
and discontinual functions /(JS) for arguments which form an arith- 
metic series whose difference is a whole number can be summated, 
if only>4:he oft repeated condition be fulfilled that the alternating 
sum of the fimction between g and A be finite. The Theory of 
Numbers which has to do with the properties of discontinual 
Amotions (of whole numbers), can make use in many cases of the 
equation (1). 
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§ 11. Among some interesting applications of the preceding 
theory, we may notice as the most remarkable the expansion of 
continued fractions. 

Let f? be a positive rational number, less than unity, which 
is developed into the continued fraction 






6 -+-_l^ 

c 



where a,b, c . . . . are all positive. If we express — as a function 

of the variable c, then wiU this function be discontinual, as is easy 
to be seen from what follows. 



We have 


11 


consequently 


a < — and a -f- 1 >• — 

V V 


and therefore 


1 <a< — . 

V V ' 



then is for every t?, 



when ■;r<v< I, a=l; therefore — = 1 



a 



when -;j-<*'<ir» a«=2; therefore — = -pr 

when -r < » < -^1 « = 3 ; therefore — = — etc. 

if then, we construct such a ftmction of t>, /(©) that it has for 
every argument e a value which is equal to that of a for this 
argument, the function admits of expansion in a trigonometric se- 
ries, wherefrom we can deduce the value of — for every o. 

We have namely 

_ 1 






) e da. 







furthermore ; 
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i _ 

J_/'2lMt*V-l 

3/« da 



T- -^ 2«:r}/-i^— 2' ""2:3' "sT" " ''''"^- 



M^ — 00 



1 . 

7> 



The series is converging because it is a trigonometric series 
and fulfills the conditions of the previous paragraphs. We can de- 
monstrate its convergence, moreover, from the fact that 

i i 

it converges in fact more rapidly than the third powers of the re- 
ciprocals of the natural numbers. We can with equal ease expand 

the second partial quotient — of the continued fraction for every r 

into a series. Compared with the previous series, this one will 
have in place of one term an infinite number of terms; the follow- 
ing is the series referred to: 

/ 1 ^»^V~^ I s»^V~i Bin ty^i lOiigfV^ 

^ ^ -^n^ +2.3^ +3.4^ 

1 "^ g2»<»y-i/ j._p 16" 



"T • • •■• 



=-« 2»7iry-i 



•=— • 



2inry--l Wy--1_ 6mfV^ Sna cjCTi 

"^ +12^ +2^3^ +3.4^ 

+4.5^ +.... 



\ - in inf. 

In such a series every partial quotient can be developed, although 
they be discontinual values and the convergence of each of these 
series can be proved from our previous propositions. 
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§ 12. Let /(I) /(2) /3) /(») be values of the fimction 

f(x) for the arguments 

1, 2, 3 n? 

then all symmetric functions of these n values can be easily ex- 
panded by means of the foregoing formulas, and moreover taking 
into consideration that if we regard the arbitrary values 

ay hy c p, 

as values of such a function, y(a;), that: 

/a) = a,/(2) = 6, 
which function can always be found, then will the equation of 
§ 7. for every symmetric expression of n elements give an ex- 
pansion. For 

Hm f[f{x)f ^^—^ ^ = ff[W drH-2 //[(a:)]' cos 2a:dr H- . . . in inf. 

i i i 

gives according to the previous explanation the sum of all p^^ 
powers i. e. 

\A\)Y -^-m^)? H- \f(n)Y 

and since we can derive from the sum of all the p*** powers of n 
elements every symmetrical function of the same n elements, we 
can therefore represent every symmetrical fimction by means of 
n elements of Fourier's series, which can in fact themselves often 
be summated. 

§ 13. Returning to the proposition: 

__ A A A 

^~' g 8 S 

h 



If the integral //(«) ^^"^ * da 



g 
assume a value which for increasing values of gf and h approaches 
a determinate limit that is to say, if g and h change into — oo 
and -4- oo and if this limit be expressed by the integral 



00 



/ 



— ao 



/(a) e da 
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if moreover at the same time the sum, 

r 
to which, corresponding to the increase of the int^al more and 

more terms have been annexed, has approached a determinate limit, 

we have as result 

OD OD QD 

14—00 _ ^ , 



da 



2 /M=fA«)d«+fA'^h^^ '* da+jf{a)e'^ ' 

r* —00 — OD 00 

We know the value of a great number of integrals of the 
form 



/ 



00 

hot 



/(a) e da. 



00 

00 



If now the series 2 f(n) converges towards a determinate 



■00 



limit, all such integrals furnish equations between series of the 
most remarkable forms. In investigating whether the series 



00 



An) 

converges, we must commence the research with the equation 



— OD 



p »=— 00»^ 



g 
extend the limits g and A, whereby at the same time the limits 

p and q extend themselves: and follow precisely the same method 

as was employed in determining the value of 



00 



/ 



/(a) e da. 



We thus investigate the convergence of the series 

«f>00 

2 An) 

— 00 

under the form 

M — 00 •^^tt 

lim 2 /(n); 

n= — a 

that is /(O) 4-/(1) +/(-!) 4-/(2) -»-/(-2) 
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This is an important consideration which must be attended 
to, else we obtain faulty series. 
If we had derived the formula 



OD 00 

00 



4/(0) 4- 2 /(«) = //(«) da -h //(«) 6^*>^-^ da H- 







■P 



-H//(«)6-'**^-'rf«-h, 





from the theorem 

h h 



i A0)4- 2 /W =//(«) ^« -^//(«) ^''*^"' ^« 

^00 








by allowing A to converge towards infinity, we should have here 
to consider, in order to investigate in what cases we can allow the 
use of the equation, whether 



/ 



A 

/(a)e"*»'-' da 



.«*)/— 1 





with increasing A approaches a limit; and moreover, whether the 
series 

1 
with increasing q approaches a limit, i. e. converges. Here should 
also the arrangement of terms be the same as the extension of the 
limits of the integrals requires, i.. e. the series must be investi- 
gated in the order 

/(I) 4-/(2) 4-/(3) 

Let us add a few examples: 

In case where /*(«)= — = r-, while p remains constant, we 

know that 



OD 



/■ 



/(a) cos 6a da = -^r-c ^ 





4 



26 
now since 



00 oo OD 



t/(0) + 2 /oo = / /(a) da-i-2 I /(a) cos 2fta da -f- 2 / f(a) cos 47ra rfa-f- ...., 





oo 



it follows, provided 2f(f4.) converges, (which remains to be consi- 

1 

dered) that 

But since the series ^ vi " converges, the correct equa- 

1 
tion ensues : 

The value of the integral 



f 



a 

__0D 



which is true only for positive values of a, is well known. Supposing 

a-+-6/— i = a, c = 2n;r, d = 

this integral gives us: 



— < 1 _i_ ^ M _i_ ^ — :r I 



Now in case a, which is the real part of the quantity 

a=:a-4-6V — 1, be positive, which was in fact our hypothesis, 
each series will converge; the function also satisfied the condition 
which was to be fulfilled namely that 



e ^ 



sin nz 

oe 



should become a finite value; it is proved therefore that the equa- 
tion is correct. In another case 

where o^^a-^-bV^-i, 
and in another where a = a - 6 1/^^, 

we shall have these two equations: 
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.= 1 «'+5' • «=1 

(8) i+ 2 .-"+"*'>^-'=T/.(a+6V-D Uh-2c'"''+^" 

.=1 «' + &' ^ -..1 

Supposing V-^a + -^_4j^=l = p + ,V--i, 
then is V^^a 5^'V^ =/,-#-!, 

p=^]/ 71 COS i ^ arctg = — \ q = J/IT sin 4 ( arctg = — V 

then summating the series (r) and («), we shall have: 

l4-2 5;«-***cosnH=/>fH-2 2e -'+*' cosAi?— 6 ^ 



(a+*|/-.l)l 



9' 



«=1 ^ 



If we write 6 = ~ we obtain cos n^b = 0, when » = 2m+ 1 ; 

co8n^6=l when w = 2iii; p becomes p', q becomes q\ There- 
fore is 



n^Qo . «==(» 4«^2 



1 +2 2 «"■'"'* = P f 1+2 2 C ~^'=^^'* cos n' f"' > 

• I ^ M f / 



•=1 n-1 

4n«9t> 



H-^Y 2 2 c"4"«^^»* sin n» --^-^--- \ 



Supposing 4a = a, ^ = t "^^ obtain : 



4 



I+a 2 « -"" = P' (1+2 2 «~f;^ " cos «' -^2^\ 
11=1 «=1 "Y+^^Z 

consequently a second transformation of the first series gives us, 
for real and positive values of a: 

4* 



28 



—— _li! _?*? 






H- e~«»-4-4«i" cog _32j|p»_ 



+ V — sin i I arcte = iL 1 { e ■«'M-4*2''gin S^' 



Vfsiai(arotg=iL)j 



16ot> 



-he «*+4<2 sin ^^^ — 4- 
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